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w ¼ ðw 1 ; w 2 ; . . . ; w m Þ T ;
where O 1 , O 2 , . . . , O n are possible alternatives among which decision-makers have to choose, u 1 , u 2 , . . . , u m are attributes with which alternative performance is measured, r ij is the rating of alternative O j with respective to attribute u i , and w i is the weight of attribute u i . The technique for order preference by similarity to ideal solution (TOPSIS) proposed Hwang and Yoon [1] is one of wellknown methods for solving classical MADM problems. The underlying logic of TOPSIS method is to define the positive-ideal solution (PIS) and the negative-ideal solution (NIS). The PIS is the solution that maximizes the benefit criteria and minimizes the cost criteria, whereas the NIS is the solution that minimizes the benefit criteria and maximizes the cost criteria. The optimal alternative is the one which the shortest distance from the positive solution and the farthest distance from the negative solution. There exists a large amount of literature involving TOPSIS theory and applications. For example, Lai et al. [2] applied the concept of TOPSIS on multiple objective decision making (MODM) problems. Abo-Sinha and Amer [3] extended TOPSIS method for solving multi-objective large-scale nonlinear programming problems. Opricovic and Tzeng [4] conducted a comparative analysis of TOPSIS and VIKOR. The VIKOR (VlseKriterijuska Optimizacija I Komoromisno Resenje) method, developed by Opricovic [5] , is a compromise ranking approach. It determines a compromise solution, providing a maximum utility for the majority and a minimum regret for the opponent. There are necessary steps in utilizing TOPSIS involving numerical measures of the relative importance of attributes and the performance of each alternatives with respect to these attributes. However, exact numerical data are inadequate to model real-life situations since human judgements are often vague under many conditions. Thus, many researchers [6] [7] [8] [9] [10] [11] [12] extended TOPSIS approach to fuzzy environment as a natural generalization of TOPSIS models. For example, Jahanshaloo et al. [8] developed an algorithmic method to extend TOPSIS for decision making problems with interval data. Yang and Hung [11] utilized TOPSIS for solving a plant layout design problem. In particular, Wang and Lee [10] proposed two operator Up and Lo to find positive-ideal and negative-ideal solutions and used these operators to solve fuzzy multiple-criteria group decision making problem. Chen and Tsao [7] extended the concept of TOPSIS to develop a method for solving MADM problems with interval-valued fuzzy data and compared the results using different distance measures, including Hamming distance, Euclidean distance and their normalized forms. Sun [12] developed an evaluation model based on the fuzzy analytic hierarchy process (AHP) and fuzzy TOPSIS to help the industrial practitioners for the performance evaluations in fuzzy environment. The AHP [13] is also powerful method to solve complex decision problems. The AHP method is a multicriteria method of analysis based on an additive weighting process, in which several relevant attributes are represented through their relative importance. AHP has been extensively applied by academics and professionals [12, [14] [15] [16] [17] [18] [19] [20] .
In many practical decision-making problems, such as the selection of a partner for an enterprise in the field of supply chain management, military system efficiency evaluation and so on, decision-makers usually need to provide their preferences over alternatives. Consider that the socio-economic environment becomes more complex, the preference information provided by decision-makers is usually imprecise, that is, there may be hesitation or uncertainty about preferences because a decision should be made under time pressure and lack of knowledge or data, or the decision-makers have limited attention and information processing capacities. In such cases, it is suitable and convenient to express the decision-makers' preferences in interval-valued intuitionistic fuzzy sets (IVIFSs) [21, 22] . The fundamental characteristic of the IVIFS is that the values of its membership function and nonmembership function are intervals rather than exact numbers. Therefore, it is necessary and interesting to pay attention to the group decision making problems with interval-valued intuitionistic preference information. Xu [23] developed some geometric aggregation operators, such as the interval-valued intuitionistic fuzzy geometric (IIFG) operator and interval-valued intuitionistic fuzzy weighted geometric (IIFWG) operator and applied them to multiple attribute group decision making (MAGDM) with interval-valued intuitionistic fuzzy information. Xu and Chen [24, 25] and Wei and Wang [26] , respectively, developed some geometric aggregation operators, such as the interval-valued intuitionistic fuzzy ordered weighted geometric (IIFOWG) operator and interval-valued intuitionistic fuzzy hybrid geometric (IIFHG) operator and applied them to MAGDM with interval-valued intuitionistic fuzzy information. However, they used the IIFWG, IIFWOG and IIFHG operators in the situation where the information about attribute weights is completely known. Based on the correlation coefficient [27, 28] of IVIFSs, Park et al. [29] investigated the group decision making problems in which the information about attribute weights is partially known.
In this paper, we extend the concept of TOPSIS to develop a method for solving MAGDM problems in which the preference information provided by the decision-makers is presented as interval-valued intuitionistic fuzzy decision matrices where each of the elements is characterized by interval-valued intuitionistic fuzzy number (IVIFN), and the information about attribute weights is partially known. In Section 2, we briefly review the basic concepts and operations related to IVIFNs. In Section 3, we present the considered problem and use the IIFHG operator to aggregate all individual interval-valued
intuitionistic fuzzy decision matrices provided by the decision-makers into the collective interval-valued intuitionistic fuzzy decision matrix, and then use the score function to calculate the score of each attribute value and construct the score matrix of the collective interval-valued intuitionistic fuzzy decision matrix. From the score matrix and the given attribute weight information, we establish an optimization model to determine the weights of attributes, and construct the weighted collective interval-valued intuitionistic fuzzy decision matrix, and then determine the interval-valued intuitionistic PIS and interval-valued intuitionistic NIS. Based on different distance definitions, we calculate the relative closeness of each alternative to the interval-valued intuitionistic PIS and rank the alternatives according to the relative closeness to the interval-valued intuitionistic PIS and select the most desirable one(s). An example to illustrate the applicability of the proposed approach is provided in Section 4 and, finally, the conclusions are discussed in Section 5.
Basic concept
Let X be a non-empty and finite set with Card (X) = n. Let D[0, 1] be the set of all closed subintervals of the unit interval [0, 1]. An interval-valued intuitionistic fuzzy set (IVIFS) [21] A in X is an object having the form:
The intervals l A (x) and m A (x) denote, respectively, the degree of belongingness and the degree of non-belongingness of the element x to A. Then for each x 2 X, l A (x) and m A (x) are closed intervals and their lower and upper end points are denoted by l AL (x), l AU (x), m AL (x) and m AU (x), respectively, and thus we can replace Eq. (1) 
Atanassov [22] and Atanassov and Gargov [21] introduced some basic operations on IVIFSs, which not only can ensure that the operational results are IVIFSs but also are useful in the calculus of variables under interval-valued intuitionistic fuzzy environment. Motivated by the operations in [21, 22] , Xu [23] and Xu and Chen [24] defined three operational laws of IVIFNs, which are useful in the remainder of this paper, as follows:
which can ensure the operational results are also IVIFNs. Moreover, Xu [23] defined a score function s to measure a IVIFÑ a as follows:
where sðãÞ 2 ½À1; 1. The larger the value of sðãÞ, the higher the IVIFNã. Especially, if sðãÞ ¼ 1, thenã ¼ h½1; 1; ½0; 0i, which is the largest IVIFN; if sðãÞ ¼ À1, thenã ¼ h½0; 0; ½1; 1i, which is the smallest IVIFN. Wei and Wang [26] defined an accuracy function h to evaluate the accuracy degree of a IVIFNã as follows:
where hðãÞ 2 ½0; 1. The larger the value of hðãÞ, the higher the accuracy degree of the IVIFNã. From Eq. (3), we define the hesitancy degree of the IVIFNã ¼ h½a; b; ½c; di as the midpoint of intuitionistic fuzzy interval of a, i.e.,
Then we get the relation between the hesitancy degree and the accuracy degree of the IVIFNã
i.e.,
From Eq. (7), we know that the higher the accuracy degree hðãÞ, the lower the hesitancy degree pðãÞ.
Based on the score function and the accuracy function, Xu [23] defined a method to compare two IVIFNs as follows:
Þ be the score ofã 1 andã 2 , respectively, and 
we have:
Thus from Definition 1, it follows thatã 1 <ã 2 , which completes the proof of Theorem 1. h Deschrijver and Kerre [31] defined a complete lattice as a partially ordered set such that every nonempty subset of it have a supremum and an infimum, and defined a relation
as follows:
and showed that ðL Ã ; 6 L Ã Þ is a complete lattice. However, in some situations, Eq. (8) cannot be used to compare IVIFNs. For example, letã 1 ¼ h½0:2; 0:4; ½0:5; 0:6i andã 2 ¼ h½0:2; 0:3; ½0:4; 0:7i. Then it is impossible to know which one is bigger by using Eq. (8) . But in this case, we use Definition 1 to compare them. In fact, since
then, by Definition 1, we know thatã 1 >ã 2 .
Extended TOPSIS method for group decision making problem with interval-valued intuitionistic fuzzy data
In this section, we propose the TOPSIS method to solve MAGDM problems in which all preference information provided by decision-makers is expressed as interval-valued intuitionistic fuzzy decision matrices where each of the elements is characterized by IVIFN, and the information about attribute weights is partially known.
T be the weight vector of decision-makers, where k k P 0, k = 1,2,. . . , l, and
. ., u m } be the set of m attributes. In general, the decision-makers need to determine the importance degrees of a set U of m attributes. Thus we suppose that the decision-makers provide the attribute weight information may be presented in the following forms [32, 33] , for i -j:
1. A weak ranking: {w i P w j }; 2. A strict ranking: {w i À w j P d i (>0)}; 3. A ranking with multiples: {w i P d i w j }, 0 6 d i 6 1;
4. An interval form:
For convenience, we denote by H the set of the known information about attribute weights provided by the decision- 
where a = (a 1 , a 2 , . . . , a l ) T is weight vector of IIFHG operator with a k > 0 (k = 1,2,. . . , l) and . . . ; n. In the situations where the information about attribute weights is completely known, that is, the weight vector w = (w 1 , w 2 , . . . , w m ) T of the attributes u i (i = 1,2,. . . , m) can be completely determined in advance, then we can construct the weighted collective interval-valued intuitionistic fuzzy decision matrix R Ã ¼r
. . , n, and w i is weight of the attribute u i such that w i > 0 and P m i¼1 w i ¼ 1. Now, we denote byr 
Let J 1 be a collection of benefit attributes (i.e., the larger u i , the greater preference) and J 2 be a collection of cost attributes (i.e., the smaller u i , the greater preference). The interval-valued intuitionistic PIS, denoted by O*, and the interval-valued intuitionistic NIS, denoted by O À , are defined as follows:
. . . ; m. Burillo and Bustince [34] researched entropy and distance for interval-valued fuzzy sets, Grzegorzewski [35] studied distance between interval-valued fuzzy sets based on the Hausdorff metric. Park et al. [30] proposed new distance measures between interval-valued fuzzy sets and compare these measures with above-mentioned distance measures proposed by Burillo and Bustince [34] and Grzegorzewski [35] , respectively. Based on these, Park et al. [30] 
(ii) The extension of modified Burillo and Bustince's method, d 2 :
(iii) The extension of Grzegorzewski's method, d H :
Separation measures based on the normalized Hamming distance (i) The extension of Burillo and Bustince's method, l 1 :
(ii) The extension of modified Burillo and Bustince's method, l 2 :
(iii) The extension of Grzegorzewski's method, l H :
Separation measures based on the Euclidean distance (i) The extension of Burillo and Bustince's method, e 1 :
(ii) The extension of modified Burillo and Bustince's method, e 2 :
(iii) The extension of Grzegorzewski's method, e H :
Separation measures based on the normalized Euclidean distance (i) The extension of Burillo and Bustince's method, q 1 :
(ii) The extension of modified Burillo and Bustince's method, q 2 :
(iii) The extension of Grzegorzewski's method, q H :
The relative closeness of an alternative O j with respective to interval-valued intuitionistic PIS O* is defined as the following:
The bigger the closeness coefficient C j Ã , the better the alternative O j will be, as the alternative O j is closer to the interval-valued intuitionistic PIS O*. Therefore, the alternatives O j (j = 1,2,. . . , n) can be ranked according to the closeness coefficients so that the best alternative can be selected.
A model for determining attribute weights
However, the information about attribute weights provided by the decision-makers is usually incomplete (see, [32, 33] ). So an interesting and important issue is how to utilize the collective interval-valued intuitionistic fuzzy decision matrix and the known weight information to find the most desirable alternative(s).
In the following, we present an approach to determining the weight of attributes. 
and sðr ij Þ is called the score ofr ij . Based on the score matrix, we present the overall score values of each alternatives O j (j = 1,2,. . . , n): . .
and thus we derive the weight vector w = (w 1 , w 2 , . . ., w m ) T of the attributes u k (k = 1,2,. . . , m).
An approach to MAGDM with incomplete attribute weight information
Based on the analysis above, in the following we present an approach to multiple attribute interval-valued intuitionistic fuzzy group decision making with incomplete attribute weight information:
Step 1. Utilize the IIFHG operator to aggregate all individual interval-valued intuitionistic fuzzy decision matrices Step 2. Calculate the score matrix S = (s ij ) mÂn of the collective interval-valued intuitionistic fuzzy decision matrix R.
Step 3. Utilize the model (M) to obtain the optimal weight vectors w ðjÞ ¼ w to the alternatives O j (j = 1,2,. . . , n), and then construct the weight matrix W.
Step 4. Calculate the normalized eigenvector x = (x 1 , x 2 , . . . , x n )
T of the matrix (S T W) T (S T W).
Step 5. Utilize Eq. (40) to derive the weight vector w = (w 1 , w 2 , . . . , w m ) T .
Step 6. Calculate the weighted collective interval-valued intuitionistic fuzzy decision matrix
Step 7. Utilize Eqs. (11) and (12) Step 9. Utilize Eq. (37) to calculate the relative closeness C j Ã of each alternative O j (j = 1,2,. . . , n) to the interval-valued intuitionistic PIS O*.
Step 10. Rank the alternatives O j (j = 1,2,. . . , n), according to the relative closeness to the interval-valued intuitionistic PIS and then select the most desirable one(s).
Illustrative example
In this section, we use a multiple attribute group decision making problem of determining what kind of air-conditioning systems should be installed in a library (adapted from [36] ) to illustrate the proposed approach.
A city is planning to build a municipal library. One of the problems facing the city development commissioner is to determine what kind of air-conditioning systems should be installed in the library. The contractor offers four feasible alternatives O j (j = 1, 2, 3, 4), which might be adapted to the physical structure of the library. The offered air-conditioning system must take a decision according to the following five attributes: (1) Then the set H of the known information about attribute weights provided by the decision-makers is H ¼ fw 1 6 0:3; 0:2 6 w 3 6 0:5; 0:1 6 w 2 6 0:2; w 5 6 0:4; w 3 À w 2 P w 5 À w 4 ; w 4 P w 1 ; w 3 À w 1 6 0:1; 0:1 6 w 4 6 0:3g:
Step 1. Utilize the IIFHG operator (let a = (0.155, 0.345, 0.345, 0.155) T be its weight vector derived by the normal distribution based method [37] ) to aggregate the individual interval-valued intuitionistic fuzzy decision matrices R ðkÞ ¼ ðr ðkÞ ij Þ 5Â4 ðk ¼ 1; 2; 3; 4Þ into the collective interval-valued intuitionistic fuzzy decision matrix R = (r ij ) 5Â4 (Table 5) .
Step 2. Calculate the score matrix S = (s ij ) 5Â4 of the collective interval-valued intuitionistic fuzzy decision matrix R (Table 6 ):
Step 3. Use the method (M) to obtain the optimal weight vectors w ðjÞ ¼ w Table 2 Interval-valued intuitionistic fuzzy decision matrix R (2) . Table 3 Interval-valued intuitionistic fuzzy decision matrix R (3) . Table 4 Interval-valued intuitionistic fuzzy decision matrix R (4) . Table 5 Collective interval-valued intuitionistic fuzzy decision matrix R. Table 8 Separation measures for the example. Step 6. Calculate the weighted collective interval-valued intuitionistic fuzzy decision matrix (Table 7) : Step 7. Utilize Eqs. (11) and (12) Step 8. Utilize Eqs. (13)- (36) to calculate the separation measures S j Ã and S j À of each alternative O j (j = 1, 2, 3, 4) from interval-valued intuitionistic PIS O* and interval-valued intuitionistic NIS O À , respectively, based on the Hamming distance, the Euclidean distance and the normalized versions (Table 8 ).
Step 9. Utilize Eq. (37) (Table 9 ).
Step 10. Rank the preference order of alternatives O j (j = 1, 2, 3, 4) ( Table 9 ), according to the relative closeness to the interval-valued intuitionistic PIS O* and then the most desirable alternative is O 3 .
Remark. The relative closeness and corresponding preference order based on Hamming distance are the same as the results based on the normalized counterpart. The rule also holds in the cases of the Euclidean distance and its normalized version. That is, 
Conclusions
We investigate the MAGDM problems under interval-valued intuitionistic fuzzy environment, and extend TOPSIS method to handling the situations where the attribute values are characterized by IVIFNs, and the information about attribute weights is partially known. The proposed approach first fuses all individual interval-valued intuitionistic fuzzy decision matrices into the collective interval-valued intuitionistic fuzzy decision matrix by using the IIFHG operator. Next, in the situation where the information about attribute weights is incomplete, we construct the score matrix of the collective intervalvalued intuitionistic fuzzy decision matrix, and established an optimization model to determine the attribute weights. Then we construct the weighted collective interval-valued intuitionistic fuzzy decision matrix and determine the interval-valued intuitionistic PIS and interval-valued intuitionistic NIS. Based on different distance definitions, we calculate the relative closeness of each alternative to the interval-valued intuitionistic PIS and rank the alternatives according to the relative closeness to the interval-valued intuitionistic PIS and select the most desirable one(s). The proposed approach in this paper not only can comfort the influence of unjust arguments on the decision results, but also avoid losing or distorting the original decision information in the process of aggregation. Thus, the proposed approach provides us a effective and practical way to deal with MAGDM problems, where the attribute values are characterized by IVIFNs and the information about attribute weights is partially known.
